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Abstract 

We consider families of geometries of D-dimensional space, described by a finite 
number of parameters. Starting from the De Witt metric we extract a unique integra- 
tion measure which turns out to be a geometric invariant, i.e. independent of the gauge 
fixed metric used for describing the geometries. The measure is also invariant in form 
under an arbitrary change of parameters describing the geometries. We prove the ex- 
istence of geometries for which there are no related gauge fixing surfaces orthogonal to 
the gauge fibers. The additional functional integration on the conformal factor makes 
the measure independent of the free parameter intervening in the De Witt metric. The 
determinants appearing in the measure are mathematically well defined even though 
technically difficult to compute. 

1 Introduction 

The aim of discrete formulations of quantum gravity is to regularize the theory by reducing 
the degrees of freedom to a finite number. The underlying idea is to obtain the continuum 
theory by letting go to infinity the number of degrees of freedom. 

Quantum gravity in the functional approach is specified by an action invariant under 
diffeomorphisms and an integration measure. If one follows the analogy with gauge theories 
the analogous of the field is the metric field g^^i, and the analogous of the gauge invariant 
metric is the De Witt supermetric, which is the unique ultra-local distance in the space of 
the metrics. The requirement of ultra-locality i.e. the absence of derivatives in the metric is 
dictated by the fact that the integration measure should not play a dynamical role but only 
a kinematical one. While in dynamical triangulations one replaces the functional integral by 
a discrete sum, a typical example of the reduction to a finite number of degrees of freedom is 
provided by Regge gravity |I|]. We shall consider here a general situation in which the class 
of geometries described by a finite number of parameters is not necessarily the Regge model. 

In previous papers 0, concerned with the D = 2 case, the breakdown to a finite number 
of degrees of freedom was achieved by restricting the functional integral in the conformal 
gauge to those conformal factors describing Regge surfaces. 
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This was possible due to the simphfying feature occurring in D = 2 where all geometries 
can be described by the conformal factor and a finite number of Teichmiiller parameters. In 
D > 2, to which we shall address here, the scheme has to be enlarged. 

Diffeomorphisms play a key role in the formulation of gravity and the viewpoint we 
shall adopt is to treat them exactly at every stage. We shall consider a class of geometries 
parameterized by a finite number of invariants k and described by a gauge fixed metric 
dfifi^J)- The functional integration will be performed on the entire class [f*g^i^{l)]{x) with 
/ denoting the diffeomorphisms Q . In other words the reduction to a finite number of degrees 
of freedom will involve the geometries only, not the diffeomorphisms. Since the integration 
on the latter is infinite dimensional the related contribution will be a true functional integral 
(the Faddeev-Popov determinant). 

We recall that the differential structure of a manifold, i.e. the charts and the transition 
functions, are to be given before imposing on the differential manifold a metric structure. In 
other words if we consider families of metrics on the same differential manifolds the transition 
functions have to be independent of the metric themselves. Such a feature is essential if we 
want that the variations of the metric tensor appearing in the De Witt distance are to be 
tensors under diffeomorphisms, or equivalently if the De Witt distance has to be an invariant 
under diffeomorphisms. 

In sect. 2 after setting up the general framework we shall show that it is possible to obtain 
from the De Witt supermetric a unique integration measure given by a functional of g^u{x, I)- 
This will be a geometric invariant that remains unchanged also under arbitrary Z-dependent 
diffeomorphisms. Thus while the De Witt metric is invariant only under /-independent 
diffeomorphisms the final expression of the associated measure can be computed on charts 
with /-dependent transition functions. In addition the approach turns out invariant in form 
under an arbitrary change of the parameters which describe our geometries. 

Great simplifications occur if it is possible to choose a gauge fixing surface in such a way 
that the variations of the metric under a variation of the U result orthogonal to the gauge 
fibers. On the other hand we shall show that this can be realized only for special classes of 
geometries. In different words only for selected minisuperspaces this simplifying feature can 



2 



be achieved. 

Despite a gauge fixing procedure is necessary in order to factorize the infinite volume 
of the diffeomorphisms we shall see that, provided the chosen parameters /j are geometric 
invariants, no Gribov phenomenon occurs. It is well known that in the De Witt supermetric 
an arbitrary parameter C appears. Keeping the number of parameters U finite we shall show 
that in general such a dependence does not disappear. In sect. 3 we enlarge the integration 
to the inclusion of the conformal factor in addition to a finite number of parameters Xj which 
describe deformations transverse (i.e. non coUinear) to the orbits generated by the conformal 
and the diffeomorphism groups. As a result of the functional integration on the conformal 
factor the dependence on C disappears. \n D = 2 the relevant functional determinant is 
given by the exponential of the Liouville action The analogous functional determinant 
in D > 2 is also perfectly defined, being the Lichnerowicz operator elliptic in any dimension. 
On the other hand the usual technique which works in D = 2, based on the local variation 
of the conformal factor Q, fails to work m. D > 2 due to the lack of ellipticity of one of the 
operators entering in the conformal variation. 

2 Geometric invariant measure 

In this paper we shall confine ourselves to Euclidean gravity, which allows a positive definite 
De Witt supermetric. We shall consider a class of geometries parameterized by a finite 
number N of parameters which we shall call / = {/j}. In the case of Regge geometry one can 
think of the /, as the link lengths, but any other parameterization is equally possible, as our 
treatment will be invariant under the change of parameterization. For a given / the geometry 
is described by an infinite family of metrics, related by diffeomorphism transformations. With 
g^^{x,l) we shall denote a special choice (gauge fixing) of the metric describing the given 
geometries. The choice is widely arbitrary; we shall see that the result will be independent 
of such a choice. The diffeomorphism transformations act on g^y{x, I) as follows 

9iiu{x,lJ) = [rg^,uil)]ix) = (?^/^/(x'(x),/)— — — ^. (1) 
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As explained in the introduction we shall consider the metric g^v{x) as the basic inte- 
gration variable and as functional integration measure we adopt the one induced by the De 
Witt supermetric P 



{5g,5g) = J ^)d''x5g,,{x)G^''^'''\x)5g,>,>{x) (2) 

with 

Qt^^i^'y' = g^^^^'gyy' + ^m-^'^V _ ^g^^g^'""' + Cg^'^g"''"' . (3) 

Eq.(^ is the most general ultra-local distance, invariant under diffeomorphisms. In fact 
it must be a bilinear in Sg^,y; the metric tensor G^^^'^' {x,y) must have support m. x = y 
and should be formed only by the g^j^y excluding its derivatives. Introducing derivatives in 
give a dynamical role to the measure for the field g^j^y. The analogous metric 
for Euclidean Yang-Mills theory is 

{5A,5A) = J d^x Tt{5A^{x)5A^{x)). (4) 

Metric @ will be requested to be positive definite, and this requirement puts a restriction 
on C. 

In fact after writing 6g^i, = 6gJ^^ + ^Sg^, being 6gJ^^, the traceless part, we have 

{6g, 6g) = 2j ^d'^x 5gl,g^^' g'"'' 5gl,,, + cj^d^x 6g',6g^^ (5) 

from which we see that C > if we want a positive definite metric. The next problem is to 
factor out from T^lg] the infinite volume of the diffeomorphisms and leave an integral on the 
dli multiplied by a proper Jacobian; the calculation of such a Jacobian is the most relevant 
part in the process of the reduction of the integral on the metrics to the integral over the 
geometries. 

We have to generalize to an infinite dimensional space the usual procedure which relates 
a distance (metric) to a volume element (measure). We stress that even in the case when 
our parameters /j are finite in number, the integration space on the metric is always infinite 
dimensional due to the presence of the diffeomorphisms /. In a finite dimensional space 
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ti, t2, . . . ,tn with distance {6t, 6t) = dUM^^ {t)5tj the integration measure is given by 



J{t) n dti = sjdet M{t) \{ dti (6) 

i i 

and such J{t) can be computed by means of an integration on the tangent space at the point 
t i.e. 

, At) 



Jl[d6Ue--^^'''''l (7) 



(27r)^/2 

Similarly one proceeds on the infinite dimensional space generated by the diffeomorphisms 
i-e. g^u{x,l,f) = [f*gf^i^{l)]{x) by writing, apart from an irrelevant multiplicative constant 

1 = J V[6g]e-^'^^3'^3) = ji^ij) J []rf5/^p[^]e-i ('55.59) (8) 

i 

where 



aL 



(9) 

The first term in the variation can be understood as g^u{x,l,fi ■ f) — g^y{x,l, f), where 
/i is the infinitesimal diffeomorphism ^ + ^'^{x)', is the covariant derivative in 
the metric [f*g^u{l)]{x) = g^i,{x,l, /). In eq.(||) T'[,^] is defined by adopting, analogously to 
eq.(0) the diffeomorphism invariant distance 

= / ^)d''xU^)g^'i^)Ux) (10) 



I.e. 



I? [e] e- 2 (11) 

Eg . ([T0|) defines, analogously to what happens in Yang-Mills theory for the gauge transfor- 
mations, the ultra-local distance between two diffeomorphisms. As a result J appearing in 
eq.(|) is independent of /. To compute J we shall need to decompose 6g^^ in a part orthog- 
onal to the gauge orbits generated by the diffeomorphisms and a remainder. In order to do 
this we have to discuss in more detail the operator F defined by {F^)^iy = V^^u + ^uC,fj.- 
F'^ is the adjoint of F according the positive definite metric (^. F acts on the vector 



5 



fields ^fj_ whose Hilbert space, equipped with the norm provided by the Lebesgue measure 
L'^{y/g d^x g^'^), will be denoted by S. The result of F acting on S are symmetric tensor 
fields. We shall denote by 7i the Hilbert space of the symmetric tensor fields h equipped 
with the norm provided by the Lebesgue measure L'^i^d^xC^'''^'). It is well known that 
Ti. can be decomposed as 7i = Im(F) © Ker(F'^) and S as H = Im(F''") © Ker(F). In physical 
terms Ker(F) represents the Killing vector fields of the metric (if they exist) while Ker(F^) 
corresponds to the true variations of the geometry. On a finite dimensional space the opera- 
tor F'^F acting on ImF^ onto ImF^ has a well defined inverse. With infinite dimensions, as 
it is our case, some assumption is needed. Let us consider the equation 

F^Fr] = F^h (12) 

with hfj_i, = We can decompose h as h = + hi with Hq G Ker(F^) and hi G Im(F). 

The regularity assumption will be that the family g^jj{x,l) has been chosen so that h G 
D{F^) and hi G Im(F). Physically it means that the "gauge part" of h can be written 
as V ^^i, + V;^.^^ = {F^)^u and not as a singular limit of gauge transformations. Then it 



is immediate that the solution of eq.(|T^) in Im(Ft) is given hy 7] = ^i where ^ = + 'Ci 
with ^0 ^ Ker(F) and G Im(Ft). Due to the positive definite metric (|l3) such solution is 
unique. 

We can now decompose the variation of the metric into two orthogonal parts as follows 
5g,u = m),u + F{F^Fr'F^^6li] + [1 - F{F^ F)-'F^^6h (13) 

and {F^F)-^F^^6h can be absorbed in a shift of i^^. Obviously the optimal choice for 
g^u{x, I) would be such that 

^^^^ G Ker(Ft) (14) 



dk 

in which case the two terms (F^)^^ and would be already orthogonal, saving the effort 



to compute the inverse of F'^F on lm{F^). 

However in general this choice cannot be accomplished. In fact we show in Appendix 
A that for a generic choice of geometries described by the parameters I there is no related 
gauge fixing surface which is orthogonal to the gauge fibers. 
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On the other hand if the class of geometries described by the / are such that eq.(|l^) is 
satisfied, then such a property holds all along the gauge fiber f*g^v{l). 
Substituting eq.(|TB|) into eq.(|^) we have 

J{1) = det{t\f)^Vet{F^F)^ (15) 

with 

t;,, = [l-F(FtF)-iFt]^. (16) 

I'et(-F^F) is a true functional determinant and it is the Faddeev-Popov corresponding to 
the gauge fixing gfj,u{l)- We notice in this connection that, provided the parameters / are 
geometric invariants, no Gribov problem arises, as a diffeomorphism cannot connect two 
different geometries. As F is a covariant operator the value of Det(F"''F) does not depend 
on the diffeomorphism / i.e. Pet(-F^F) = Det(-F^F), being F the operator computed in the 
metric gi_iu{^)- The same invariance property holds for det(t', t-') with the result that J does 
not depend on /. We remark that both determinants in eq.(|l^) depend on the parameter 
C appearing in the De Witt supermetric. Such a dependence in general does not cancel 
out (see Appendix B). Actually the dependence on C could also be taken as a index of the 
approach to the continuum theory when the number of the parameters / becomes large. In 
the next section we shall see how the integration over the conformal factor makes the result 
C-independent. 

As we pointed out at the beginning of this section, the De Witt metric eq.(0) is a diffeo- 
morphism invariant provided the transition functions are independent of the metric. In fact 
only in this case 6gf^u transforms like a tensor. 

Having reached the two expressions Vet{F^F) and det(f,t-') which are invariant un- 
der rigid diffeomorphisms, it is of interest to consider /-dependent diffeomorphisms, which 
modifies the gauge fixing surface in an /-dependent way. As the Faddeev-Popov term 
Vet^F^F) does not depend on any derivative of g^u with respect to /, it is left invariant 
under /-dependent diffeomorphisms. With regard to det(t*, P) we first examine the behavior 
of ^^f^i^j-^''-^ under such diffeomorphisms 

-g,,ix,l) = A''A^Jg\,Ax'ix,l)J) (17) 



. , .y dx (x, I) ^ , 
with A = . Consequently 



d9^,u{x,l) ^ y , dg'yp,{x'{x,l),l) 
dli ^ " dk 



dh 



dx 



dk 



which shows that ^^>^"^^'^'> is not a tensor under this class of transformations. 

ah 



Setting 



the second term in eq.(]TB|) transforms as 



JXp 



dk 



(19) 



(20) 



a'^'a'I 



a ^f3 



dk 



where 



" ^ dk dx'-^ 

dx'p'ixj) 



i_ _|_ Ol 9L. A'^ n' 



dl. 



d-g'x'.dx'^'d-g',,, dAi 



dk dk dx'-' 



A' ^a'p' 



dl 



. But then the projector {S^iS^, — B''^/^,) annihilates the F'C, part and 

fX'p'^dg'yp, 



dk 



we are left with 



(21) 



i.e. the same covariant expression as under a rigid diffeomorphism. We stress that this 
invariance is due to the appearance of the projector {I — B). The larger freedom on the 
diffeomorphism transformations may be useful in the difficult job of computing the functional 
determinant of the Lichnerowicz operator on the manifold. Physically we found, starting 
from the De Witt supermetric, a geometric invariant measure which depends only on the 
geometries given by the k and not on the particular metric used in describing them. We 
notice finally that a change of the parameters, i.e. k — ^ ki{l) leaves the result invariant in 
form. 
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3 Measure for the conformal factor 



We pointed out in the previous section that the integration on the parameters / leaves a 
dependence of the resuh on the constant C appearing in the De Witt supermetric. In this 
section we want to enlarge the treatment replacing the integration variables U by a conformal 
factor cr(x) and a finite number of other parameters describing geometric deformations 
transverse (i.e. non coUinear) both to the diffeomorphism and to the Weyl group. 
Thus the set of metrics we shall integrate on is given by 



g^u{x,T,aJ) = [/V"^^,(r)](a;) . 
In the following we denote by g^y{x, r, a) the combination 

We have to evaluate the Jacobian J((T, r) such that 

V[g] = J{a,T)V[f]V[a]X{dT,. 



(22) 



(23) 



(24) 



We proceed as in sect. 2. The general variation of the metric can be written as 

5g,Ax,T,aJ) = {FO,u{x)+2[r5a-g,,]{x) + [f^5n]{x) . 



Defining the operator P by 



and the traceless tensor 



dg^u dgap 



dr. D 



we can rewrite 

6g^^{x,T,a,f) = {PO,^Ax)+r 



26a 



jy-Q:^^'^^ + -^i^Oap I g„^{a, r) 



(25) 



(26) 



(27) 



(28) 
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Setting now 



C = + (t^^'^^^^O (29) 



and 



we obtain 



49„-(a:, T, <T, /) = + /*2fo + (l - -Pj^^') (31) 

We remark that the three terms are mutually orthogonal and thus 

1 = J V[6g]e-^^^''^'^ = (32) 



■e 



Exploiting invariance under translations of the integrals on the tangent space and the 
definition of V[6a] 

r'[(5(T]e-^('^"'^") = 1 (33) 



with {6a, 6a) = J y g{x)d x6a{x)6a{x) we have apart for a multiplicative constant 
J(a, r) = Vet{P^P)^ det (^k\ (1 - pJ^P^)k^ 



(34) 



The dependence on / has disappeared due to the invariance of the De Witt metric 
under diffeomorphisms and thus in eq.(p^ the infinite volume of the diffeomorphisms can 
be factorized away. 

We notice that in eq.(|3^) the dependence on C has been absorbed in an irrelevant mul- 
tiplicative constant, as it happens in two dimensions. This is the result of having integrated 
over all the conformal deformations. On the other hand the fc^^, depend both on r and a 
and also the operators P, P^ depend on r and a through the metric cjf^iy 
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For the subsequent discussion, it will be useful to examine Ker(P) and Ker(P^). As already 
mentioned, Ker(P) is given by the conformal Killing vectors of the geometry g^y{x, r, a). In 
fact under the infinitesimal diffeomorphism generated by ^ 

_ _ 2 _ - 2 _ - 

= -g,u{l + -|v ■ I) + {Pi),, = -g,,{l + -|v ■ I) (36) 

if {PC,)fiu = 0. Contrary to what happens in two dimensions, where every topology carries 
its own conformal Killing vectors (6 for the sphere, 2 for the torus and for higher genus), 
here we shall have no conformal Killing vectors for a generic ^^^(t), and thus the geometries 
with KerP ^ have zero relative measure. The null eigenvectors ^ of P are related to those 
of P by ,^ = 6^°".^ where ^ are independent of cr. Similarly the null eigenvectors h of P^ are 
related to those of P^ by /i = e^^~^'''^h. The Ker(P^) is the analogous of the pure Teichmiiller 
deformations in two dimensions. On the other hand we have 

¥ = e^^y . (37) 

We notice that given an orthonormal basis of Ker(P'''), the vectors hP" = e^^~^''^h"', even 
though complete in Ker(P^) do not remain orthogonal as 

(/i"^,/i") = 2 J ^/^ d^x e~^''h';^lg^'^' g'^^'h"^,^,. (38) 

On the other hand from eg. (p^) 

Ch'^,¥) = {h'^,k'). (39) 

The operator 1 — P-^-pP^ appearing in eq.(P^ projects on Ker(P^) and thus can be written 
in terms of the h^^ as 

(l - ^pTp^O,.Ap ^'^'"''^ ^ /^".(x)M„i/i^,(x') (40) 
where Mmn is the infinite matrix 

M„„ = (/i^/i"). (41) 
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The (1 — P^-pP^)k^ span an A^-dimensional subspace of Ker(P^). In fact if exist such 
that (1 - P-^P^) E^=l CLik' = then it would mean that E,=i cak' = P^ Thus E^i "i^f 
would be the sum of a Weyl and a diffeomorphism transformation. 

For cr = we can choose the /i" with the properties (/i", fc*) = for n > N and a non zero 
determinant of the N x N matrix {h^, /c*) with i,n < N. Such properties are maintained for 



0" 7^ 0, due to the independence on a in eq.^ but all matrix elements of Mm„ are needed 
to compute the top left N x N sub-matrix of whose determinant we shall denote by 
detMj^xAf- The computation of such a sub-matrix and of the Faddeev-Popov determinant 
X'et(-P^-P) are the two technically difficult points. 

We now examine the functional dependence on a of the two determinants. We notice 
that 

deti^{l-P~P^)k\{l-P~P^)k^^ = [detCk\hnrdetM^l^ 



xN 



(42) 



due to eg . (|39D . Thus the dependence on a is restricted to Vet(P^P) and to detM^^Ar- We 
want to stress at this point the main differences between D = 2 and D > 2. In D = 2, 
Ker(P^) is finite dimensional (quadratic differentials), and thus the number of the fc* is finite 
and (1 — P{P'^P)^^P'^)k'^ span completely Ker(P"'"). As for T>ei{P'^P) its dependence on a 
in D = 2 is obtained by computing the variation under 5a and then integrating back as a 
result one obtains the Liouville action. In D > 2 (referring to the generic case in which there 
are no conformal Killing vectors) from 



logPet(ptp) = -^ZiQ) = -4 
as as 



T s) Jo ^ ' 



(43) 



we have 



- S logPet(P^P) = ^eSZp^p{0) + Finite.^o /"^ dt{{2 + D)TT{e~'^^^Sa) - DTr'ie''^^^ 6a)}, 

(44) 

where Tr' excludes the 0-modes of P^, which now {D > 2) are infinite in number. We notice 
that Vet{P^P) is well defined because P^'P is an elliptic operator |^. 
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In fact 

P^Pi, = -4[V2^, + - -|v,V ■ C\ (45) 

and the determinant of the leading symbol 

4[fc'< + (1 - ^)k,k^'] (46) 
vanishes only for /c = 0. On the other hand 

PP^h^, = -4(V,V^/iAM + V^V^/iA. - ^g,uW^Kp) (47) 
whose leading symbol 

2[Kk^^'5''^ + + ky5^^ + fc^fc'^'^^:'] - -^^F'^^' (48) 

has zero determinant for A; 7^ as it is immediately seen by applying it to a tensor of the form 
hp,v = v^Wiy + v^w^ with w-v = w- k = v- k = 0. Thus the variation with respect to a cannot 
be computed in term of local quantities as the usual heat kernel technique is not available. 
An exception is the variation with 6a = const, under which due to Tr(e~*-^^-^) = Tr'(e^*-^^^) 
the calculation can be reduced to the heat kernel of the elliptic operator P^P. For the 
expression of such variation see P]. 



4 Conclusions 



Summarizing, for a class of metrics of the type f*gnu{l-) the De Witt supermetric induces 
unambiguously the C-dependent measure eq.(|T5]) 



lldlk[det{t\f)Vet{F^F)]^ . 



(49) 



Similarly for the class /*e ^'^^(r) we have the C-independent measure eq.( 



lldrkV[a] ^Pet(ptp) det i^k\ (1 - P^P^)^ 



(50) 
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with V[a] the measure induced by the distance 



{5a, 5a) = / d^x^^) e^''5a{x)5a{x) . (51) 



In the first case we have a finite dimensional integral and as such more suitable to numerical 
calculations. A finite dimensional approximation to eq. (|50D is obtained by restricting to a 
family of conformal factors parameterized by a finite numbers of parameters s = {si}. Thus 
to the family /*e^'^^'*)^^j,(r) it is associated the measure 



lldnl[ds^ det{J[^) det (k\ (1 - P^P^)k^) Vet{P^P) 



(52) 



where J^j = f d^Xy/g e^°"^^. If now we denote by / = {rj, Sj} and use the first scheme 
eq.(l^), we get a different result (e.g. in the first scheme the result depends on C while in the 
second it does not). The reason is that in deriving the measure ( pH ) o" is a generic function, 
for which the shift (|30D is allowed. With a depending on a finite number of parameters 
Si such shift will be the more accurate the higher the numbers of the parameters. In this 
limit one expects complete equivalence of the measure (^9]) and (|52|) for metrics of the 
type /*e^°"*^'*)^^j,y(r). As remarked in the sect the dependence on C of the measure ( ^5[ ) is 
expected to drop out for a large number of U describing the conformal deformations. 

The measure (0), with the modifications due to the presence of the conformal Killing 
vectors, has been adopted in p[ for the D = 2 Regge case. The Tj are the Teichmiiller 
parameters of the Riemann surfaces and the Sj parameterize the positions and the angular 
defects of the conical singularities of the Regge geometries. An exact calculation of Vet{P^P) 
and an explicit form of Jfj were given. 

In higher dimension D > 3 the route leading to the measure (|49| ) appears more proficient 
as up to now we do not know how to extract analytically the dependence of Pet(-P^-P) and 
det {k\ (1 - P-^P^)k^) on a{x). 
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Appendix A. A geometric property of gauge fixing sur- 
faces 



In the text we remarked that whenever the gauge fixing surface g^u{x, I) satisfies the orthog- 
onahty condition, i.e. 



Ft 



dh 



dk 



D 







great simphfications occur, because the inverse of F'^F is not to be computed. If 



Ft 



'dgf,u{x,iy 
dh 



7^0 



(53) 



(54) 



it is natural to ask for the existence of a family of diffeomorphisms /(/) such that 



satisfies 



F't 



dg'f,uix,iy 

dk 



,^dg\jxj)_ 
dk 



2{C--\d, 



lal3t ndg'afsi^J) 



(55) 



. (56) 



We shall prove that there exist g^y{x,l) transverse to the gauge fibers, violating eq.(^3]) 
for which no / satisfying eq.(|56|) can be found. In particular we shall show that if an 
/(/) : X x'{x,l) satisfying eq.(^) is supposed to exist then the integrability condition 



'f/^ = ^ aH i?''* leads to a contradiction. 

oliOtj at j oli 



Let us consider a metric g^uix, I) on the D-dimensional torus represented by an hypercube 
< x'^ < 1 with opposite faces identified, with the properties 



g^,u{x,0) = 6^ 



,ap dga(3{x,l) 
dk 



0, 



dgpv{x,l) 



1=0 



dk 







(57) 



(=0 



for a pair of indexes i and j. Suppose there exists /) such that 

9'^,u{x^ I) = —^r^9ap{x'{x, I), l)^^ 



dx^ 



(5^ 
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satisfies eg. (|56D . As any finite /-dependent diffeomorphism can be written as /(/) = ■ 
/(O) with /i(0) = identity and under an /-independent diffeomorphism (hke /(O)) eg . (1531) is 
covariant, we can restrict ourselves to transformations with x'^{x, 0) = x'^. For / = eg.( 
imphes 

.afsdg' a/six, ly 



2d, 



" dk 

i.e. taking into account eg.(^) 







1=0 



d, 



dh 



+ d'c + (c + 1 - -)d,d ■ e = 



1=0 



D' 



where we defined 



^ _ dx'^jxj) 



(59) 



(60) 



(61) 



1=0 



Thus because of eg.(^ we have d'^^l + (C + 1 — j^)dyd ■ = 0, which imphes d'^d ■ ^* = 
i.e. on the torus d ■ ^'^ =const. Thus i9^C = ^-^id then P =const. 



dg'uix,l) 



dl, 



^g^,u{x,l) 



1=0 



dk 



(62) 



Eg.(|56|) becomes 

= 2g'^^>^'{x,l) 



dl 



dh 



dl, 



+ 



(C - -^)d. 



^ ^"^'^ dl 



(63) 



We consider now the antisymmetric part in of the derivative of eg. (pi) with respect to 
Ij, for / = i.e. using eg. (p^) 



= 2 
9. ( 



ac/^^'(x,/) 



dl, 
dgp,p{x,l) 



1=0 



dl, 



dg^^{x,l) 



^g^,p{x,l) 



+ d, 5^^' 



' dgp^'{x,l) 



1=0 



dl, 



dgpuix,l) 



1=0^ 



1=0^ 



dl 



1=0 



dg^f^ixj) 



dl, 



dh 
dgapixj) 



(64) 



1=0 



dh 



1=0 



1=0. 



Taking into account that the sguare bracket is simmetric in and condition (^7D we have 
at last 







dg^'^'\x,l) 



dl. 



1=0 



^ dgf,u{x,l) 



1=0 



1 dg^p{x,l) 

2 dh 



dgpp{x,l) 



1=0 



dh 



-(i^j). (65) 



1=0 
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Let us now choose 



and 



dh 



dh 



knSi, + kyEn = const. 



(66) 



(67) 



with k-e = ri-e = k- ri = with k^ = ^im^ with integers, to satisfy the torus boundary 
conditions. Eqs.(p^) and (0) satisfy the conditions ( p7| ) but if we substitute in eq. 
find instead of zero the value —k'^e^riy cos{k ■ x) ^ 0. 



we 



Appendix B. Dependence on the C parameter 

We give here a simple example to show that if one does not integrate on the conformal factor 
the dependence on C in J{1) = det(tj,^, t^^) 2pet(FtF) 2 (see eq.(|15[)) does not cancel out. 

Let us consider a fiat torus in D dimensions with metric g^^, = diag(/i, h, ■ ■ ■ , Id)- Being 
the metric constant we have V'^^^ = and the integration measure becomes 

J = [det(^, ^)Vet'{F^F)]'yV , (68) 

where the volume V = (/i ■ ■ -Id)^ is due to the presence of the D Killing vectors We 
have 

,)4|2|^(C-|,i-| (69) 
whose determinant is linear in C and given by 

2''-\f[h)'^~'CD (70) 



1=1 



On the other hand, as = 

F^F = A[6d+{C + 2- ^)d5] . (71) 

Due to 6dd6 = d66d = we have that the non zero eigenvalues of F'^F are either eigenvalues 
of A5d or of A{C + 2 - ^)d5 and 

^(FtF)(s) = Z(^4Sd)is) + ^(4(C+2-^)d5)('S) • (72) 
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Thus 



Vet\F^F) 



16(C 



2 -[^(ds)io) 
-) 
D. 



-2^('d.)(0) 



(73) 



and thus such a power behavior cannot be canceled by the polynomial of eq.( 



18 



References 



[1] J. Ambjorn, Nucl. Phys. B (Proc. Suppl.) 42 (1995) 3; S. Catterall, Nud. Phys. B (Proc. 
Suppl.) 47 (1996) 59. 

[2] P. Menotti, P. P. Peirano, Phys. Lett. 353B (1995) 444; Nucl. Phys. B (Proc. Suppl.) 47 
(1996) 633; Functional Integration on two dimensional Regge geometries, preprint IFUP- 
TH 4/96 (|hep-th/9602002|) , to appear on Nucl. Phys. B. 

[3] A. Jevicki, M. Ninomiya, Phys. Rev. D33 (1986) 1634. 

[4] A.M. Polyakov, Phys. Lett. 103B (1984) 207; J. Polchinski, Comm. Math. Phys. 104 
(1986) 37; O. Alvarez, Nucl. Phys. B216 (1983) 125; G. Moore, P. Nelson, Nucl. Phys. 
B266 (1986) 58. 

[5] B. S. De Witt, Phys. Rev. 160, 1113. 

[6] P. O. Mazur, E. Mottola, Nucl. Phys. B341 (1990) 187. 

[7] C. Nash, Differential Topology and Quantum Field Theory, Chapt. II, Academic Press 
(1991). 

[8] I. Antoniadis, P. O. Mazur, E. Mottola, Nucl. Phys. B388 (1992) 627. 



19 



